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SIMILARITY RESULTS FOR OPERATORS OF CLASS C AND 

THE ALGEBRA H°°(T) 

RAPHAEL CLOUATRE 

Abstract. Given two multiplicity-free operators Ti and T2 of class Co having 
the same finite Blaschke product as minimal function, the operator algebras 
H°°(Ti) and H°°(T2) are isomorphic and Ti is similar to Tb. We find con- 
ditions under which the norm of the similarity between the operators can be 
controlled by the norm of the algebra isomorphism. As an application, we 
improve upon earlier work and obtain results regarding similarity when the 
minimal function is an infinite product of finite Blaschke products satisfying 
the generalized Carleson condition. 



1. Introduction 

One of the main features of Co contractions is their classification up to quasisim- 
ilarity in terms of the Jordan models. It is a natural impulse to wonder whether 
something could be said about similarity classes, and this is our aim here. In fact, 
our concern in this paper is that of determining conditions under which we can 
improve the quasisimilarity of an operator T of class Co with its Jordan model to 
similarity. Early results include those of [1], which inspired the work done in [5]. 
The corresponding question for unitary equivalence was investigated by Arveson in 
his seminal paper [2J. More recently, there has been some interest in this type of 
question in the setting of truncated Toeplitz operators ([4], [7]). 

For the class Co, the problem was considered in [5] where motivation was pro- 
vided and some partial results were obtained. The point of view we would like to 
adopt here is different from that of [5] in the sense that the basic assumption will 
be that the algebras H°°(T) and H°°(S(9)) are boundedly isomorphic, instead of 
f(T) having closed range for every inner divisor ip of 9 (here 9 denotes the minimal 
function of T). Theorem 15.21 below relates those two settings. 

Question. Let T\ G B(Hi),T2 € B(%2) be multiplicity-free operators of class Co 
with the property that the algebras H°°(Ti) and H co (T2) are boundedly isomorphic. 
Does it follow that T\ and Ti are similar? 

The plan of the paper is as follows. Section 2 deals with preliminaries. Section 3 
contains our main result and gives a quantitative answer to the question above in a 
particular case. It also deals with the case where the underlying Hilbert space has 
dimension two. This case turns out to be particularly nice since some assumptions 
can be dropped. In Section 4 we recall a concept from interpolation theory and 
explain how it applies to our purposes. Finally, we apply our main theorem in 
Section 5 to obtain a similarity result for operators of class Co, extending work 
done in [5]. 
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2. Preliminaries 

We give here some background concerning operators of class Co. Let H°° be 
the algebra of bounded holomorphic functions on the open unit disc D. Let H 
be a Hilbert space and T a bounded linear operator on %, which we indicate 
by T £ B{T~L). If T £ B(H) is a completely non-unitary contraction, then its 
associated Sz.-Nagy-Foias H°° functional calculus is an algebra homomorphism 
$ : H°° — > B(H) with the following properties: 

(i) ||$(u)|| < u for every u £ H°° 

(ii) $(p) = p{T) for every polynomial p 

(iii) $ is continuous when H°° and B(H) are equipped with their respective weak- 
star topologies. 

We use the notation = u(T) for u 6 £P°. The contraction T belongs to 

the class Co whenever $ has a non-trivial kernel. It is known in that case that 
ker $ = 9H°° for some inner function 9 called the minimal function of T, which is 
uniquely determined up to a scalar factor of absolute value one. We now give the 
first elementary result we will use. Recall that a function u £ H°° divides another 
function v £ H°° if v = uf for some / € H°°. Moreover, given E C W, we denote 
by \/ E the smallest closed subspace containing E. 

Lemma 2.1 ( 3 Theorem 2.4.6). Let T £ B(T~L) be an operator of class Cq with 
minimal function 9. Given a family {9„} n of inner divisors of 9 whose least common 
inner multiple is 9, we have 

U = \/ ker 9 n (T). 

n 

We denote by H 2 the Hilbert space of functions 

oo 

/(*) = £ a n z n 
n=0 

holomorphic on the open unit disc, equipped with the norm 

oo 

ii/ii^ = Ei««i 2 - 

n=0 

For any inner function 9 £ H°°, the space H(9) = H 2 Q9H 2 is closed and invariant 
for S*, the adjoint of the shift operator S on H 2 . The operator S{9) defined by 
S(6)* = S* | (H 2 G 9H 2 ) is called a Jordan block; it is of class C with minimal 
function 9. Given u £ H°°, we have that 

\\u(S(9))\\ = \\u\\ H oo /eHX = M{\\u + 0/|| H » : / £ 

The following is another useful property of Jordan blocks. 

Lemma 2.2 ([3] Proposition 3.1.10). Let tp be an inner divisor of the inner function 
9. Then, the operator 5'(0)|ker tp(S (9)) is unitarily equivalent to S(tp). 

A vector x £ H is said to be cyclic for T £ B(T-L) if 

\J{T n x : n > 0} = U . 

An operator having a cyclic vector is said to be multiplicity-free. 
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Theorem 2.3 ([3] Theorem 2.3.6). Let T E B{Ti) be a multiplicity-free operator 
of class Co . Then, the set of cyclic vectors for T is a dense Gs in H . 

A bounded linear operator X : H — > H is called a quasiafhnity if it is injective 
and has dense range. The following result is the classification theorem mentioned 
in the introduction. Its conclusion is summarized by saying that T is quasisimilar 
to S(0). Note that it is not stated here in its full generality however this simpler 
version will suffice since we will only deal with multiplicity-free operators. 

Theorem 2.4 ([3] Theorem 3.2.3). Let T € B(W) be a multiplicity-free operator of 
class Co with minimal function 9. Then, there exist quasiaffinities X : % — > H(9) 
and Y : H{9) -> H with the property that XT = S(9)X and TY = YS{6). 

More details about all of the above background material can be found in [3]. 
Let us close this section by setting some notation that will be used throughout the 
paper. For A € D we set 

bxiz) : ~~ " 



and we denote by 



K\(z) = 



1 - Xz 
1 



1 - Xz 

the reproducing kernel for H 2 at A £ D. Also set 

ex = k\/\\kx\\hz- 

If 9 is a Blaschke product vanishing at A, then it is easily verified that 

e x = P H{bx) le H(9). 

3. Isomorphisms of the algebra H°°(T) 
Let us start by recording a few elementary computational facts. 

Lemma 3.1. Let 9 = b\ 1 . . . b\ N and set tpj = 9/b\ j for each 1 < j < N. Then, 
for every 1 < j, k < N we have 



(i) 

(ii) 
(iii) 
(iv) 



Afc — Aj — Aj — A^. 



(b\ i M h )H> = 1 + Aj / J + Afc-^-; 

1 — Aj^fc 1 ~ AjAfc 

||foA J -K||^<2|6 A3 (A fe )| 1 /2 
H 3 e X] -i> k e Xk \\„. <4|6 Aj .(Afc)| 1 / 2 

IK - ^W«> < l^(A fe )! 1/2 + T^p) 



1/2 
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Proof. We note first that b\ j (z) = (z — (z) so that b Xj = (S — Xj)nxj . Using 

the fact that S*k\ = Xkx, we compute 

(b\ 3 ,b Xk ) H 2 = ((S - X^Kx^iS- \ k )K\ k ) H 2 

= (1 + AfeAj - | | 2 - |A fc | 2 )(K Aj ,KA fc )ff2 
_ l + ATA 3 -^-| 2 -|A fc | 2 
1 — AjAfe 

= 1 + AJ Afc _ Aj +AT Aj l_ Afc 
1 — AjAfc 1 — XjXk 

which gives (i). In particular, we find 

\l-(bx J ,bx k ) H 2\<2\b Xj (X k )\. 

But then 

IK -bxJh = \\bxXH* + \\bx k \\ 2 H 2 - (bx^bx,)^ - {bx k ,bx } ) H * 
<2\l -{bx 3 ,bx k ) H A 
<4|6A 3 (A fe )| 

which is (ii). For (iii), we note that 

ex, =l + X~b Xj 

and thus 

V'jeAj - ipkex k = {ipj - ipk) + ^jtpjbXj ~ X k ip k bx k = (V>j - V'fe) + (^j - X k )9. 
We find 

\\ipjex 3 - tp k ex k \\ H 2 < ||V>j - ^fcllff 2 + |Aj - X k \ 
= \\bx k - b Xj \\H* + \Xj - X k \. 

Note now that |&A,(Afc)| > \Xj — X k \/2, so that by using (ii) we may write 

U 3 ex ] -^ k ex k \\m<2\bx ] (X k )\ 1 / 2 +2\bx ] (X k )\<4\bx ] (X k )\ 1 ^ 

and (iii) is established. Finally, we have 

ll K A 3 - K A fc ||#2 = \\K Xj \\ 2 H 2 + \\KX k \\ 2 H 2 - (K Xj ,Kx k ) H 2 - (KA fc ,KA 3 )_ff2 

1111 

+ 



l-jA,| 2 l-|A fe | 2 1-AjAfc 1-AfcAj 
•\?(-\? _ ^fc) _|_ Afe(Afc — Aj) 



(1 - |A,f )(1 - A,A fe ) (1 - |A fc | 2 )(l - AfcAj-) 



whence (iv) follows. □ 

Using these computations we can now establish an estimate that will be of use 
later. 
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Lemma 3.2. Let 9 = b Xl . . . b\ N and set ipj = 6/b Xj for each 1 < j < N. Then, 
for every 1 < j, k < N we have 

.. . . „ ^ 5V2\b Xj (\ k )\^ 

Ui " Mh^SH- < (1 _ max{ | AjUAfe | }2) l/ 2 - 

Proof. If Aj = Afc , then the conclusion holds trivially, so we assume henceforth that 
Aj ^ X k - We see that 



Ui - Mh°°/6H°° = inf{||^ - ^fc + Of Who. : / G 



inf 



bxM, 



-(b\ k - b Xj + b X] b Xk f) 



:feH c 



= inf { |K - b Xj + b Xj b x J\\ H ~ : / G H°°} 

= \\b\ k - b X] \\H<x>/b Xj b Xk H°°- 

Set if = b Xj b Xk . By Lemma I2.1[ we have that 

H[fp) =keib Xj (S(v))Vkexbx k (S( V >)). 

The subspace keTb Xi (S((p)) is one-dimensional for i G {j, fc}, and in fact it is 
spanned by (pe Xi /b Xi . Therefore, any h G H(tp) can be written as 

ft = a ] Lpe X] /b X] + a k ipe Xk /b Xk 

for some Oj, a*; G C. In particular, we see that 

h(\j) = a 3 b Xk {\ 3 ) 

and 

h(X k ) = a k b X] (X k ). 

We get 

\\(b\ k - b Xj ){S{ip))h\\ = ||&A fc (A J )a i y>e A3 ./&A j - &A 3 (A fe )a fc ^e Afc /6 Afc || H 2 
= IIM^Ve^,-/^ - ft(A fe )^e Afc /fcA fc ||H2 

< |/i(Aj)|||¥>e Ai /&A; - ^W&aJIh" + |/i(A,) - ft(A fe )||^e Afc /6 Afe 

< ||ft|| H2 (l - \X 3 \ 2 )- 1 / 2 \We x Jb X] - V e Xk /b Xk \\ H , 
+ (l-\X k \ 2 ) 1 / 2 \h(X J )-h(X k )\ 

< \\h\\ H *(l - iX^r^WfexJb^ - <pe Xh /b Xh \\ H i 

+ (i-\x k \ 2 ) 1 / 2 \\h\\ H 4 KXi -K Xk \\ H2 . 

By virtue of Lemma 13. 1[ we find 

1/2 

12 



\\(b Xk - b Xj )(S(<p))h\\ < 5|& Ai (A fe )r /2 IWI (j^^ + 



5V2\b Xj (X k )\'/ 2 
- (l-max{|A J | ) |A fe |} 2 )V2H »• 

Since h G (0) was arbitrary, we find 

II/, /II lltt h 5V2\b Xj (X k )\i/ 2 

\\b Xk - b x \\h°°/ v h°° = \\{b\ k -b X] )(S(tp))\\ < 

(1 - maxjlAjl, lAfcl}^) 1 /^ 
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and in view of the equality 

~ V'k||ff°°/flH°° = \\ b x k -b Xj \\ H ^/ V H^ 
the proof is complete. □ 

For the next step, we introduce some notation. Given 9 — b\ t ■ ■ ■ b\ N , we set 
do = 1 and 

a k = &Ai •■ - b\ k 

for 1 < k < N. These functions allow us to pick a basis for the underlying Hilbert 
space that is well-adapted to our purpose, as is made clear in the following propo- 
sition. First we need an easy lemma. 

Lemma 3.3. LetT € B(H) be a multiplicity-free operator of class Co with minimal 
function 9 = b\ t . . . b\ N . Let £ be a unit vector which is also cyclic for T . Then, 
the set {«fe(T)£ : < k < N — 1} is a basis for %. 



Proof. It follows from Theorem 12.41 that % has dimension N, and thus it suffices 
to show that the set {afc(T)£ : < k < N — 1} is linearly independent. Assume 
therefore that there are some Co, . . . , Cjv-i € C such that 

N-l 

^c fc a fc (T)£ = 0. 

fe=0 

Because £ is assumed to be cyclic for T, any vector h € H can be written as 
h = p(T)£ for some polynomial p. Therefore, the relation above implies that 

w-i 

c k a k (T) = 

k=0 

and thus 9 divides ^2^=0 °k a k- In particular, X^fcLo 1 c kCtk must vanish at Ai and 
we find 

N-l 

co = Y c kdk(M) = 
k=0 

whence 9 divides c\Ct\ + . . . + cjv— iajv— i. This implies that 9/b\ 1 divides 

N-l 

ci + Y c k^k/bx 1 

k=2 

so this last function vanishes at A2, which yields ci = 0. Proceeding inductively, 
we find Co = Ci = . . . = cjv_i = 0. □ 

We now establish a crucial estimate on the angle between the different elements 
of the basis appearing in the above lemma. 

Proposition 3.4. Let T G B(H) be a multiplicity-free operator of class Cq with 
minimal function 9 — b^ . . . b\ N . Define 

IMA fc )l 1/2 

11 i<"!l P <Jv(l~max{|A,|,|A fc |}2)i/2- 

Assume that ||?M T )II > P + 5V2r/ for some < f3 < 1. Then, there exists a unit 
vector £ € H which is cyclic for T with the property that 

\\<P(T)S\\>0 
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for every inner divisor <p of 9 and 

\{ aj (T%a k (T)0\ < v/T^K-MMTXIl 
for < j < k < N - 1. 

Proof. Since || - 0at(7 1 )|| > /3 + 5v / 2'7, we may invoke Theorem l2.3l to find a unit vector 
(Eff which is cyclic for T and such that H^A/v^KII > P + 5^/2rj. Using Lemma 
13.21 for every 1 < j < N — 1 we find that 

mm\ > u N (m\-\\(^-i> N )(m\ 

> p + 5V2r/ - - -i/jn\\h°° /eH<*> 
>P- 

Given an inner divisor (p of 6, there always exists some index 1 < j < N for which 
ipj = ip'ip for some inner function ip' £ H°° . Thus, 

||^(TX||>||^(TMT)C|| = ||^(T)C||>/3, 

and the first statement is established. Let us now consider U : K. — > JC the minimal 
unitary dilation of T : H — > H (see [10] for details). For every function / e 
and every vector h G %, we have that 

(/(CO - f(T))h = (f(U) - P n f{U))h = P KeH f{U)h 

so that 

|| (/(to - /(T))/i|| 2 = ||/(t/)/*|| 2 - \\PuW)h\\ 2 = \\f(U)h\\ 2 \\f(T)hf 
and thus 

Q!fc 



_(t/)--(T) aj (T)£ 



— (tO«i(T)€ 

< || aj (T)e|| 2 -/3 2 

<(l-/? a )K(T)£|| S 
whenever 0<j<k<N — 1. In addition, note that 



(T)^(T)e,-(t/K(r)0 = /-(TK-(T)£,P„-(l0a fe (T)£ 



OA- 



\afe 



— (T) ai (T)e,— (T)a fc (T)£ 



= 



since 0(T) = 0. 

Using with these facts, we find 



\( aj (T)£,a k (T)0\ 



— {JJ)a 3 {T)^—{U)a k {T)i 
ot k oik 



a k 



-([/) 



< 



_ (f /)__( T ) ) aj (T)£ 
as a* 



(T) ^(2%— (£/)<** (T)£ 



< yT^||a,(T)e||||a fc (r)e|| 
where we used the fact that (6/a k )(U) is unitary. The proof is complete. 



□ 
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This proposition was the last ingredient needed to prove the principal technical 
tool of this section. 

Theorem 3.5. Let T± € B(Hi),T 2 € B(H 2 ) be multiplicity-free operators of class 
Co with minimal function 8 — b\ t . . . b\ N . Define 

IM^)I 1/2 

V i<Tk<N (1 -maxllA.UAfcl} 2 ) 1 ^- 

Assume that 

||Vjv(Ti)|| > 

and 

Un(T 2 )\\ >/3 2 + 5V2r, 
for some constants (3\ , /3 2 satisfying 



f-(N^W 2<f3uf32<1 - 

Then, there exists an invertible operator X : Hi — > H 2 such that XT\ = T 2 X and 

max{\\X\\,\\X- 1 \\} <C(/3 u p 2 ,N) 

where C(/?i, f3 2 , N) > is a constant depending only on fti,f3 2 an d N . 

Proof. By Proposition ^. 41 for every i — 1, 2 we can find a unit cyclic vector £j 6 Hi 
with the property that 



and 

IK (Ti)& || > Pi 

whenever 0<j<k<N — 1. Given Co, . . . , cm-i € C, let us set 

(jv-i \ N—i 

^ CfeQ!fe (^1)^1 J = c k a k (T 2 )&- 
k=0 / k=0 

By Lemma [3.31 this defines an invertible operator X : Hi —> H 2 with X£i = £ 2 . 
Arguing as in the proof of Lemma 13.31 we see that 

JV-l 

= ^2 c kO-k{Tx)(,l 

holds if and only if divides X^fcLo 1 c k a k — u, which in turn holds if and only if 

N-l 

u(T 2 )^ 2 = ^2 c k&k(T 2 )£ 2 . 
k=Q 

Therefore, we find 

XuiTjb = u(T 2 )£ 2 = u{T 2 )Xix 

for any function u g H°°. Now, every h g H% can be written as h = it(Ti)£i for 
some u S H°° (in fact, the function u can be chosen to be a polynomial in this 
case), so that 

XTth = XTiu(Ti)fi = T 2 u(T 2 )X£i = T 2 Xu(Ti)£ a = T 2 Xh 
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for every h € Hi, whence XTi = T2X. It only remains to estimate the norm of X 
and X^ 1 . Given Co, . . . , cjv-i € C, we see that 

jv-i / 

E | Cfc | 2 i| afc (T 1 )an 2 + 25ft 53 ^(^(Toa^^roei) 

fc=0 \0<7<fc<iV-l 
JV-l 

> 53 | Cfe i 2 i| afc (r 1 )an 2 -2 53 hiicfciKa^roa^^Toa)! 

fe=0 0<j<k<N-l 

N-l 

> 53 \c k \ 2 \\a k (Ti)^f-2 53 \ Cj \\c k \^l-^j(TM\\\a k (Ti^i\ 



fc=0 



0<j<k<N-l 
N-l 



= U-(N- 1)0^?) 53 kl 2 IMTi)6H 2 

^ ' fc=0 

+ ( (jv - 1) E ic fe | 2 ii« fe (TiXiii 2 - 2 53 ic.iiciii^mKiiiii^mKi 



fc=0 



o<i<fe<JV-i 



The last bracketed term being positive, the calculation above gives 



Thus, 



JV-l 



53 c k a k {Ti)^i 



fe=0 



JV-l 



>(l-(N- 1)0^8?) 53 IcfcHla^TOail 2 . 



JV-l 



53 c k a k (Ti)^i 



k=0 



k=0 



N-l 



>(l-(N- 1)^ 53 l^nia^TOai 

> (1-^-1)0^) 53 n 2 /? 2 

^ ' k=0 

> 1(1-^-1)0^) (En) 



>|(i-(7v-i)0T^ 



JV-l 

E Cfcafc 

fe=0 



>|(i-^-i)0^) 



JV-l 



E c fc a fc (r 2 )6 



fc=0 



where we used ||a:fc||jy°° = 1- By symmetry, we also have 



JV-l 



E c ka k (T 2 )& 



fc=0 

This shows that 



(l-(- V -l»\/l - - 



JV-l 



E c fc^( T i)6 



fc=0 



||^|| 2 < (f (l- (N -l)yfm 
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\\x-r<(§ (i-(iv-i)^)) - 

and the proof is complete. □ 

The next corollary is our main result. 

Corollary 3.6. Let T G B(H) be a multiplicity-free operator of class Cq with 
minimal function 9 — b\ t . . . b\ N . Define 

IM^-)I 1/2 

V i^ivCl-maxm^lAfcl} 2 ) 1 ^- 
Assume that there exists a bounded algebra isomorphism 

* : H°°(T) -> H°°{S{0)) 
such that ^(u(T)) = u(S(9)) for every u G H°° and 

where (3 = — h\f2r\. Then, there exists an invertible operator X : % — > H(9) 

such that XT = S(9)X and 

maxlHXlUlX- 1 !!}^*,^) 

where C^jN) > is a constant depending only on "J and N. 

Proof. Notice first that 

||^M|ff-/flff- = inf{||^ + Of \\ho- : / g H°°} 

= mf{\\l + (6/iP N )f\\ H oo :feH°°} 
= w£{\\l + b XN f\\ H - :feH°°} 
>inf{||(l + & Ajv /)(A^)|| ff » :/gif°°} 
= 1 

and thus 

\\^n(S(9))\\ = Hn\\h-/bh- = 1, 
By the contractive property of the functional calculus, we have 

Hn(s(9))\\ = ||Vjv|U=°/0hoc > ||^iv(T)|| > ii*!!- 1 ]^^))!! = 

The result now follows directly from Theorem 13.51 
Notice that the inequality 

\I 1 -W^W <P = W\\~ 5V * V 

implies that r) cannot be too large. This restricts the positions of the roots Ai , . . . , Ajy 
relative to each other and to the boundary of the disc. On the other hand, with- 
out these inequalities the existence of the isomorphism "J is clearly a necessary 
condition for similarity between T and S(0). 

The upcoming corollary deals with the simpler two-dimensional case where the 
statements are neater and fewer conditions are needed. In fact, a careful look at the 
proofs of this section shows that the assumptions involving n in the previous results 
arise solely because of the need to obtain lower bounds on ||<^(T)£|| for every inner 



H^ir 1 =f3+5V2n. 

□ 
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divisor ip of 8 from a given lower bound on ||i/>at(T)£|| . In the two dimensional case, 
there is a trick to obtaining these lower bounds without imposing any condition on 
77; it is the essence of the next lemma. 

Lemma 3.7. Let T e B(H) be a contraction and let Ai, A 2 € D. If ^ ^TL is a unit 
vector such that H^Ait^CD > j3, then 

\\bx 2 (T)Z\\ > v^FW^FW 7 ?)- H 

where \x = b\ 2 (\\). 

Proof. A direct calculation shows that for any contraction R e B(H) and any 
/1 G D, we have 

/ - b^RYb^R) = (1 - | M | 2 )(1 - iiR*Y\l - R*R)(1 - JIR)- 1 

and thus 

((/ - &„(i2)*6 M (i2))(l - -pR)h, (1 - JlR)h) = (1 - | M | 2 )((J - R*R)h, h) 
for every h G TL. This implies that 
\\b^R)(I -JiR)h\\ 2 = ||(7 - JiR)h\\ 2 - ((I - - ~pR)h, (1 - JiR)h) 

= -jiR)h\\ 2 - (1 - H 2 )<(/ - R*R)h,h) 

= \\(I-JlR)h\\ 2 -(l-\n\ 2 )(\\h\\ 2 -\\Rh\\ 2 ) 

>m-M\Rh\\) 2 -(i-\v\ 2 )(\\h\\ 2 -\\Rh\\ 2 ) 
> (1- | M |) 2 ||/>|| 2 -(i-\^)(\\ h f-\\Rhf). 

Note now that if /i = b Xl (X2), then 6 M = b\ 2 o b Xi . Applying the previous inequality 
with R = b Xl (T), h — £ and \x = b\ 1 (A2), we find 

\\b X2 ( T )(i -jib Xl (Tm\ 2 > (1 - M) 2 neii 2 - (1 - h'xikh 2 - ii^™ 2 ). 

By assumption, this becomes 

\\b X2 (T)(i jib Xl (T))a 2 > (i - imd 2 - (i - imi 2 )(i - A 

Finally, we have 

\\bx 2 (T)£\\ > \\b X2 (T)(I-Jlb Xl (TM\ - \»\\\b X2 (T)b Xl (T)Z\\ 

> V /(l-| M |)2-(l-| Ai p )(1 _ /3 2 ) _ H 

and this finishes the proof. □ 

Corollary 3.8. Let T € B(H) be a multiplicity-free operator of class Co with 
minimal function 9 = b Xl b X2 . Assume that there exists an algebra isomorphism 

* : H°°(T) -> H°°(S{6)) 

such that ^(u(T)) = u(S(9j) for every u G H°° . Then, there exists an invertible 
operator X : U -)• i? (6) such that XT = S(6)X and 

maxjUAlUlA- 1 !!} < C(tf) 

w/iere C(^) > is a constant depending only on ^. 
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Proof. Set /Lt = b\ 1 (A 2 ). Fix some number < e < \\^\\ 1 and set /? = ||*|| 1 - e . 
Consider 

/?' - V(i-H) 2 -(i-H 2 )(i-/3 2 )- H 

and 

7 = 1-2|m|- 

There exits a positive number r > depending only on ^ such that j3' > (3/2 and 
7 > 1/2 if \fi\ < r. We distinguish two cases. First, we assume that > r. This 
corresponds to the case of " uniformly separated roots" , for which the existence of 
an invertible operator X with the required properties is well-known (see for instance 
Proposition 3.2 of [5]). We turn now to the case where |/x| < r. The unit vector 
C = K Ai/|| K Aill_ff 2 £ H{0) is cyclic for S(9) and 

\\b X2 (s(e))c\\ = i 

(these facts are easily verified, and they can be found in Lemma 3.2.1 and Corollary 
3.2.4 of 2 ].) In particular, we have 

HMS(0))|| = i 

and thus 

iiM^ii^ii^iriiM^iiHi^ir 1 - 

By Theorem 12.31 we can find a unit vector £ 6 H which is cyclic for T with the 
property that 

\\bx 2 (m\>!3. 
Note also that Lemma \'3 . 71 implies that 

\\b Xl (m\>p' 

and 

IIM^XII >7- 
Repeating the argument done in the proof Proposition 13.41 we find 

K£,MT)0l <\/w^||eil ||6 Al ™i 

along with 

(C,6a 1 (^))C)=0. 

By Lemma I3~3l the set {£, 6 Al (T)£} forms a basis for % while {£, b\ x (S(9))Q forms 
a basis for H(6). As in the proof of Theorem 13.51 we define X : T~L — > H{9) as 

X{c^ + Cl b Xl (T)0 - c C + Cl b Xl (S(9))( 

where cq,c\ € C. This operator satisfies XT = S(9)X. We have 

||c £ + ci6 Al (T)£|| 2 

> M 2 + | Cl | 2 ||6 Al (T)C|| 2 - 2| Co ||c 1 |\/T _ ^||e||||&A i ™| 
>(l-y/T= ^)(| Co | 2 + | Cl | 2 ||6 Ai ™| 2 ) 
>/3' 2 (l-^ ^)(| C o| 2 + |ci| 2 ) 

> i/?' 2 (i- \/T _ ^)|| Co C + Cl 6 Al (^))C|| 2 
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and 

\\coC + cib Xl (m\ 2 < 2(||c e|| 2 + ||ci6 Al (TK|| 2 ) 
<2(|co| 2 + |ci| 2 ) 
<2 1 - 2 \\coC + c 1 b Xl (S(8)K\\ 2 . 



Consequently, we find 



1 



||A|| 2 < f-^fi-vT^) 

\\X- 1 \\ 2 <2 1 - 2 
and using the fact that (3' > (3/2 and 7 > 1/2, we get 



ll^- 1 !! 2 < 8 

which completes the proof. □ 
4. The generalized Carleson condition 

Let us first recall a definition. A sequence of distinct points {Xj}j C B is said 
to satisfy the Carleson condition if 

Xj — Afe 



(1) infj] 



k 



1 — AjAfe 



> 0. 



The main focus of the work done in [5] was the case where the minimal function 
of a multiplicity-free operator of class Co is a Blaschke product with zeros forming 
such a sequence. The purpose of this section is to indicate that the following result 
(see [5]) carries over to a more general setting. Although the result itself is known, 
we hope our approach (more precisely Lemma 14. 2p might hold some independent 
interest. 

Theorem 4.1. Let {Xj}j C D be a sequence of distinct points and let 9 £ H°° be 
the corresponding Blaschke product. The following statements are equivalent: 

(i) C B satisfies the Carleson condition 

(ii) every multiplicity-free operator T of class Co with minimal function 9 is 
similar to S(9). 

The relevant concept for us will be the following (see [11] for more details). Let 
{9 n }n C H°° be a sequence of inner functions. It will be convenient throughout to 
use the following notation: given a subset A C N, we write 

9a = J] 9 "- 

We say that the sequence {9 n } n satisfies the generalized Carleson condition (with 
constant C > 0) if for any finite set A C N there are functions /a,.9a € 
satisfying 

Q 

fA9A + gA^~ = 1 

with H/yillff^ < C and ||gA||if°° < C. It is a straightforward consequence of the 
definition that the functions 9a and 9b have no common inner divisor if A and B 
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are disjoint and at least one of them is finite. Moreover, it is well-known that in 
the case where 6 n is simply a Blaschke factor, the generalized Carleson condition 
is equivalent to the classical Carleson condition ([TJ (see Lemma 3.2.18 in [TT]). 

Let {0 n }n C H°° be a sequence of inner functions satisfying the generalized 
Carleson condition with constant C > 0, and set 8 = Y[ n ® n e H°° . We have for 
every finite or cofinite subset AcNa pair of functions /a,<M G H°° satisfying 

(2) f A 6 A + g A j- = l 

and lljUllffrc < C, H^aIIh 00 < C. Set ip A — 9a® I® A and notice that 

(3) IMIff- < C - 

We use the usual notation for the symmetric difference of two sets: 

AAB = (A \ B) U (B \ A). 

Lemma 4.2. Let T G B(H) be an operator of class Co with minimal function 
9 = Y[ n On where {0 n } n satisfies the generalized Carleson condition. For every 
finite or cofinite subset AcN, define 

k A = 2tp A {T)-IeB(H). 

Then tp A (T)ip B (T) = (p AnB (T), k A = k^ 1 and k A k B = k N \( A AB)- Moreover, 

G = {k A ■ A C N finite or cofinite } 

is an abelian multiplicative subgroup of B '(H). 

Proof. We first need to check that k A is well-defined since the function g A is not 
uniquely determined. Assume that g\ and 172 are two functions in H°° which are 
candidates for g A , meaning that they satisfy 

and 



f2&A + g2^- = 1 
t>A 

for some functions /1, £ H°° . Then, we find 

Q 

(91 -92) j- = (/a - h)0 A - 

We see that A must divide the left-hand side, and thus it must divide g\—gi seeing 
as it has no common inner factor with 9 /9a- Therefore, 9 divides (gi — g2)0/0 A and 
we have (g± — g2)(9/9 A )(T) = 0. In other words, (fi A (T) and kA are well-defined. 
Notice now that 

v\=\9Aq-\ = 9A-g-^(l - fA$A) = <PA- fA9A0 

which implies that ip A (T) 2 = ip A (T). A straightforward calculation now yields that 
fcT 1 = k A . Using @, we find that 

9 9 

(4) 1 = f Af A® B + f A9B $ A ~7. + fs9A^B ~7. + PAVE = h6 AnB + ^A^B 

VB t>A 

for some h £ H°° . On the other hand, we have 

(5) f Ahb9 Ar\B + PAnB = L 
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Notice now that 

= n*«n 



nGA 




n 


o n n ' 


n£B\A 


nGA\B 


n 


e n n 


nSAUB 


raGAnB 



n < 

KnGAnB 



— OadbQaub- 
Consequently, using (J4j) and ((5|) we find 



9A9B- a gAnB =9AgB-^-- a QAnB-p, 

InB \ VAUB J VA VB VAnB 

— fA^PB ~ VAnB 

= (/ahs — h)9AnB- 

Therefore, 6Uns divides the left-hand side, and as before since 9ahb and 9/9 AnB 
have no common inner factor we conclude that 9 divides paPb ~ fAnB, which in 
turn implies 

ip A (T)tp B (T) = ipahb(T). 

We now proceed to show the identity /ca^b = km \(aab) hi a similar fashion. First 
we note that 

k A k B = 2(2ip A <PB -<PA~ <Pb + l)(T) - I 
so we need to establish 

(2ip A fB -<PA-<PB + l)(T) = <P®\(AAB)(T) 

which is equivalent to showing that the function 9 divides the function 

2ifA l fiB - <PA - <Pb + 1 - Vn\(aab) • 

But we have 

2(p aVb - VA - <Pb + 1 = 2(p A (p B -ipA + IbOb 

= —g A (2vB - 1) + f B B 

t>A 

which is clearly divisible by 9 b \a- By symmetry, we also find that it is divisible by 
9a\b- Since these last two inner functions do not have a common inner factor, we 
conclude that 

2ip A tp B - Va - <Pb + 1 
is divisible by 9 {A \b)u(b\a) = 9 A ab- Thus, 

2<PA<pB - <PA - <PB + 1 - <^N\(AAB)- 

is divisible by 9aab- On the other hand, using @ we can write 

2ip A <PB -(fiA-<PB + l = ¥a{¥B - 1) + <Pb(<PA - 1) + 1 
= -Pa/b^B - <PBfA&A + 1- 
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Therefore, another application of ([2} yields 

2ip A ip B ~ ifA - <Pb + 1 - <Pn\(aab) = 1 - ]aOa l Pb - JbOb^Pa 

+ u®\(aab)8n\(aab) - 1) 

= -!a9b8a-^- - !b9a6b^- 

VB t>A 

+ /n\(AAB)#N\(AAB) 

which is easily checked to be divisible by #n\(aab)- Coupled with the previously 
established divisibility relation, we conclude that 9 divides 

2ipAfB ~ VA - fB + 1 - ¥>N\(AAB) 

which in turn implies that fc^fce = &n\(aab)- Note now that if A = N, then we 
can choose /a = 0,gA = 1 an d we get / = kfi. To verify that G is an abelian 
multiplicative subgroup of B(H), it therefore only remains to check that AAB is 
finite or cofinite whenever A and B are, but this is elementary. □ 

Recall now a classical result of Dixmier (see and [14)1. 

Theorem 4.3. Let G be an abelian multiplicative subgroup of B(%). Assume that 

C = sup{||/c|| B ( H ) : k <E G} < oo. 

Then, there exists an invertible operator X £ B(T-L) such that XkX~ l is unitary 
for every k G G and with the property that 

maxlllXHJlX- 1 !!} < C. 

Combining Lemma [4.21 and Theorem 14.31 we obtain (see Proposition 3.2 of [S] 
for more details) the following theorem which was proved in [16 by different means 
(see also [12] for an English translation). 

Theorem 4.4. Let T € B{'H) be an operator of class Cq. Assume that the minimal 
function ofT is 8 — Y[ n &n where {9 n } n satisfies the generalized Carleson condition 
with constant C > 0. Then, there exists an invertible operator Y such that 

YTY- 1 = 0T|ker0 n (r) 

n 

and with the property that max{||l'|| , < (2C+ l) 2 . 

5. A SIMILARITY RESULT 

In this section we apply Theorem 13.51 and Theorem 14.41 to similarity questions 
for multiplicity-free operators of class Cq. Let us describe the precise setting for 
the result we wish to prove. We assume that the minimal function is a Blaschkc 
product 8 which can be written as 9 = 8 n , where {8 n } n c H°° is a sequence of 
finite Blaschke products with at most N roots satisfying the generalized Carleson 
condition. 

A particular case of this situation is that where 9 n = b^ and {A„}„ C D is a 
sequence satisfying the Carleson condition (see [TT] for details). This is the case 
covered by the main result of [5], stated below. 
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Theorem 5.1. Let {A„}„ cDfca sequence satisfying the Carleson condition and 
{mn}n C N be a bounded sequence. Let T G B{'H) be a multiplicity- free operator of 
class Co with minimal function 



|A„| l - \ n z 



Assume that tp(T) has closed range for every inner divisor ip of 9. Then, T is 
similar to S(9). 

We would now like to tackle the case where the functions 9 n might have distinct 
roots. Such functions have been studied in the context of interpolation (see [8], 
[9], [13] and [16]). Before proceeding, we make an addition to Theorem 14.11 We 
hope that it can shed some light on the condition that will appear in our similarity 
result, especially with regard to the assumption of Theorem 15. II 



Theorem 5.2. Let {X n } n C D be a sequence of distinct points and let 9 € H°° be 
the corresponding Blaschke product. The following statements are equivalent: 

(i) {A„}„ C D satisfies the Carleson condition 

(ii) every multiplicity-free operator T of class Co with minimal function 9 is 
similar to S(9) 

(hi) tp(T) has closed range for every multiplicity-free operator T of class Co with 

minimal function 9 and every inner divisor ip of 9 
(iv) for every multiplicity-free operator T of class Co with minimal function 9, 

there exists a constant ft > such that 

\\u(T)\kenp(T)\\ > 0\\u\\ H ~ /vH ~ 
for every u €E H°° and every inner divisor ip of 9. 

Proof. The equivalence of (i), (ii) and (hi) is from [5]. To see that (ii) implies 
(iv), assume XTI" 1 = S(9). By LemmaE2] we know that u(S(0))\ kerip(S(9)) is 
unitarily equivalent to u(S(ip)) for every u € H°° and every inner divisor ip of 9, so 
that 

\\u(S(6))\kerv(S(9))\\ = \\u(S(<p))\\ = N|h~/^~- 
Note moreover that if we set Y v — X\ kerip(T) : ker (y9(T) — > ker <p(S(9)), then 

Y v u(T) | ker ^(T)^ 1 = u(S(9))\ ker <p{S(9)) 

and therefore 

||u(T)|ker</j(T)|| > — ln \\u\\ H ^ /ipH ^ > vn n v _ in \\Ah™/ v h<*> 
\\Y<p\\\\Y<P II ll A llll A II 

which is (iv). To finish the proof, it suffices to show that (iv) implies (i). Let 
"4>n = ®/b\ n - By definition, we need to show that |^ n (A n )| > /3 for some /3 > 0. 
Arguing as in the proof of Corollarv l3.61 we see that 

\\lpn\\H<»/eH'*> = 1- 

If we let 

r = 0s(6 A j = 0A„ 

n n 

then 

ipn{T) = © © ... © V>n(A„) © © . . . 
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Using (iv), we find 

= \\MT)\\ > PW n \\n-/0H- > P 
and we are done. □ 

We can now formulate our similarity result. 

Theorem 5.3. Let 9 G H°° be a Blaschke product which can be written as 9 — 
Y[ n 0n> where {9 n } n C H°° is a sequence of finite Blaschke products with at most 
N roots satisfying the generalized Carleson condition. Define 

Mm)I 1/2 

71 & n P Aj^ (0 )(l-niax{|A|,H} 2 ) 1/2 - 

Let T G B(7i) be a multiplicity-free operator of class Co with minimal function 9. 
Assume that there exists a constant f3 such that 



and 

||u(T)|ker0„(T)|| > P\\u\\ H - /gnH oo 
for every u £ H 00 and every n. Then, T is similar to S(9). 

Proof. By Theorem 14. 4[ we have that T is similar to 

0T|ker#„(T) 

n 

and that S(6) is similar to 

S(6)\ ker 9 n (T). 

n 

Using Lemma \2.2l we see that S(9) is actually similar to ® S(6 n ). Therefore, it 
is sufficient to show that for each n the operator T\ kerd n (T) is similar to S(6 n ) via 
an invertible operator 

X n :\asr6 n (T)->H(9 n ) 

satisfying 

sup{||X n ||,||X- 1 ||}<oo. 

n 

But this follows from Corollary 13.61 Indeed, for each n we can define 

ipn = 9n/b\ n 

for some X n G 0~ 1 (O). Then by assumption we have 

\\MT)\ ker^ n (T)|| > ^||^„|| H =o:/ e „ H =o 
and as in the proof of Corollary 13.61 we see that 

When combined, these inequalities yield 

||^ n (T)|ker0 n (T)|| > /3. 
In view of our assumption on rj{6), we can apply Corollarv l3.6l to finish the proof. □ 
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The reader should note at this point that the inequalities appearing in the pre- 
vious theorem implicitely force 77 < (5-v/2) _1 since obviously < f3 < 1. 

If we restrict our attention to the special case where each n has two roots, then 
we obtain a simpler statement. 

Corollary 5.4. Let 9 £ H°° be a Blaschke product which can be written as 8 = 
Yin^m where {9 n } n C H°° is a sequence of finite Blaschke products with at most 
two roots satisfying the generalized Carleson condition. LetT 6 B{ri) be a multiplicity- 
free operator of class Co with minimal function 0. Assume that there exists a con- 
stant fj such that 

||u(T)|ker0 n (T)|| > f3\\u\\ H ~ /9nH ~ 
for every u € H 00 and every n. Then, T is similar to S{&). 

Proof. Proceed as in the proof of Theorem 15.31 but use Corollary 13.81 instead of 
Corollary \5M □ 

Let us close by making a few comments about r\. For that purpose, let us 
introduce another quantity related to 9, 

6 = mf inf |6a(m)| 1/2 - 

If S > 0, then a similarity result analogous to Theorem 15.31 follows immediately 
from Theorem 14.41 fas was pointed out in the proof of Corollarv l3.8p . On the other 
hand, if 77 = then we are in the case covered by Theorem 15.11 Now, it is obvious 
that < S < r\. This shows that our (implicit) condition 77 < (5\/2) _1 closes part 
of the gap between those two cases where similarity was known previously. 
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